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Abstract—In this paper, the concept of the algebraic observer
is applied to Proton Exchange Membrane Fuel Cell (PEMFC)
system. The aim of the proposed observer is to reconstruct the
oxygen excess ratio through estimation of their relevant states
in real time from the measurement of the supply manifold air
pressure. A robust differentiation method is adopted to estimate
in finite-time the time derivative of the supply manifold air
pressure. Then, the relevant states are reconstructed based on
the output-state inversion model. The objective is to minimize
the use of extra sensors in order to reduce the costs and enhance
the system accuracy. The performance of the proposed observer
is analyzed through simulations considering measurement noise
and different stack-current variations. The results show that
the algebraic observer estimates in finite time and robustly the
oxygen-excess ratio.

Index Terms—PEM Fuel Cell system, oxygen excess ratio,
algebraic observer, numerical differentiator.

I. INTRODUCTION

T he serious environmental pollution and energy crisis
around the world are driving innovation on new efficient

and clean energy sources such as solar, wind, geothermal and
hydrogen. Fuel cells are a kind of clean energy, which produce
electricity, water and heat from hydrogen and oxygen [1].

In particular, Proton Exchange Membrane fuel cells
(PEMFC), also called solid polymer fuel cells (SPFCs), are
considered to be more developed than other types of fuel
cells [2]. They are used in a wide range of applications, with
advantages such as high efficiency, low weight, low pollution
and low operation temperature, features that allow fast starting
times in the PEMFC systems [3]. However, high expenses
and short lifetime have hindered their massive utilization in
real systems so far. As a result, advanced control systems
are required to improve the lifetime and avoid the detrimental
degradation of the PEMFC system.

One of the major problem in the PEMFC system is “oxygen
starvation” when the stack current increases rapidly, in order
to avoid the oxygen starvation and extended the life of
the PEMFC, many control strategies have been proposed to
regulate fast and efficiently the oxygen depleted from the fuel
cell cathode. It can be cited, among others, linear control meth-
ods based on model linearization such as Linear Quadratic
Regulator (LQR), proportional integral (PI) plus static feed-

forward controller are proposed in [4] and [5], Second Order
Sliding Mode (SOSM) based on super-twisting algorithm is
proposed in [6] and [7]. In [8], a hybrid controller based on
fuzzy logic and conventional PID is designed. Nevertheless,
all these control strategies require the knowledge of the precise
value of oxygen excess ratio. Unfortunately, it depends on the
internal variables which are the partial pressures of oxygen
and nitrogen in the cathode channel and the air pressure in
the supply manifold, this means they should be measured
by using physical extra sensors that increase the cost, the
complexity and low the accuracy of the PEMFC system.
For these reasons, the observation of the “observable states”
using only the measurement state became an attractive and
economical solution.

Over the last decades, several studies have focused on the
observer design for fuel cell systems. We mention here some
available results, [9] proposed an approach to estimate the
states of the PEMFC system using the Kalman filter (EKF),
based on a linearized model. Kim designed a nonlinear state
observer by using the derivatives of the pressures in the
cathode and in the anode [10]. Rakhtala et al. presented a
finite-time High-Order Sliding Mode (HOSM) observer to
estimate some key states in the PEMFC system [11]. These
methods are applied for the estimation of the oxygen excess
ratio in the PEMFC with different degree of success.

In this paper, an algebraic observer is introduced to estimate
state variables in the PEMFC system. The algebraic observer
theory [12] [13] allows the reconstruction of the system state
variables in terms of inputs, outputs and their time deriva-
tives up to some finite number. Thus, the accuracy and the
robustness of the differentiator method are the key elements
of the observer design, a robust differentiation method based
on the works of [14] and [15] is used to estimate the time
derivatives of output and input variables in finite-time. The
proposed observer estimates the partial pressures of oxygen
and nitrogen from the measurements of the supply manifold
air pressure.

The remainder of the paper is organized as follows. The
mathematical model of the PEMFC air supply system is
explained in Section II. In Section III, The designing of
the algebraic observer is presented. The proposed algebraic



observer is applied to the model of the PEMFC system and
the simulation results for different stack current changes and
for noise in measurements are presented in detail in Section
IV. Finally, the major conclusions are resumed in Section V.

II. NONLINEAR PEMFC SYSTEM MODEL

The PEMFC system includes five main sub-processes: the
air flow (breathing), the hydrogen flow, the humidifier, the
stack electrochemistry and the stack temperature. According
to [16], it is considered that sufficient compressed hydrogen
is available. In addition, it is assumed that both temperature
and humidity of input reactant flows are properly regulated
by dedicated local controllers, and thus the main regard is
focused on the air management. Under these assumptions, a
fourth-order state-space model is derived, which is a reduced
version of the ninth-order model presented in [9].

The vector of states x ∈ R4 is associated to the partial
pressure of oxygen and nitrogen in the cathode channel, the
rotational speed of the motor shaft in the compressor and the
air pressure in the supply manifold, respectively. The control
input u ∈ R is the compressor motor voltage vcm, which
allows the manipulation of the air feed and, as a consequence,
the oxygen supply to the fuel-cell stack. The measurable
disturbance input w ∈ R is the stack current Ist.

The governing equations for the partial pressures of oxygen
and nitrogen in the cathode, for the air pressure in the supply
manifold and for the rotational speed of the motor shaft in the
compressor are given as follows [17]:

dx1
dt

= c1 (x4 − χ)−
c3x1α (x1, x2)

c4x1 + c5x2 + c6
− c7w, (1)

dx2
dt

= c8 (x4 − χ)−
c3x2α (x1, x2)

c4x1 + c5x2 + c6
, (2)

dx3
dt

= −c9x3 −
c10
x3

((
x4
c14

)c12

− 1

)
hy3 (x3, x4) + c13u,

(3)
dx4
dt

= φ c14

(
1 +

(
c15

(
x4
c11

)c12

− 1

))
, (4)

with φ = (hy3 (x3, x4)− c16 (x4 − χ)), where the constants
ci, i ∈ [1, ..., 24] are defined in Table I in the Appendix, the
cathode pressure, χ, is the sum of three partial pressures,
(x1, x2, c2) and the cathode outlet mass flow rate, α(x1, x2),
is expressed as follows:

α = c17χ

(
c11
χ

)c18
√
1−

(
c11
χ

)c12

. (5)

The system output hy ∈ R3, as illustrated in Figure 1, is
the stack voltage hy1

= vst, the supply manifold air pressure
hy2

= x4 and the air flow rate through the compressor hy3
=

Wcp, respectively. The last of these depends on the rotational
speed of the motor shaft in the compressor and the air pressure

Figure 1: Fuel Cell System showing control inputs and outputs

in the supply manifold, that has been approximated with the
following equation:

hy3
=
hmax
y3

x3

xmax
3

1− exp

−r
(
s+

x2
3

q − x4
)

s+
x2
3

q − x
min
4

 , (6)

with r = 15, q = 462.25 rad2/(s2Pa), xmax
3 = 11500 rad/s,

xmin
4 = 50000 Pa, s = 100000 Pa and hmax

y3
= 0.0975Kg/s.

For further details on the functions hy1
and hy3, see [9], [17]

and [18].
The performance variables z ∈ R2, with z1 as net power

and z2 as oxygen excess ratio, are given as follows:

z1 = hy1 (x1, x2)w − c21u (u− c22x3) , (7)

z2 =
c23 (x4 − χ)

c24w
. (8)

In the next section, the algebraic observer based on a
robust differentiation method will be designed in order to
estimate the oxygen excess ratio in the PEMFC system from
the measurements of the input and outputs for the control
purposes.

III. ALGEBRAIC OBSERVER DESIGN FOR PEMFC SYSTEM

This section is devoted to the algebraic observer design
for the control purpose in the PEMFC system, as depicted in
Figure 2. However, before to design the observer, the observ-
ability of the PEMFC system should be verified, which can be
investigated by checking the observability rank condition. This
latter is achieved according to [19]. The proposed observer is
known for its finite-time convergence and its robustness. In
general, it is based on the robust differentiation of the outputs
and inputs [15] and the output-state inversion.

At the stage of controller design, it is needed to estimate
the sum of the oxygen and nitrogen partial pressures at the
cathode channel (or the expression x1+x2). Estimation of this
expression directly influences by (8) the calculation of oxygen
excess ratio in the PEMFC system. The expression (x1 + x2)
can be calculated using only the first derivative of the supply
manifold air pressure x4 in (4). In order to get robustly the
first derivative of x4, the algebraic observer detailed in [14] is
used. Moreover, [20] provides the robust computation of the
output derivative x4 as follows:

ˆ̇x4 =

∫ T

0

6

T 3
(2T − 3τ)Y (t− τ) dτ, (9)



Figure 2: Algebraic observer-based output feedback control
for PEMFC system

where T is a positive constant, which is chosen to improve
the precision of the estimated derivative and Y represents
the supply manifold pressure measurement. One can obtain
robustly the expression x̂1 + x̂2 from (4) and (9) as follows:

x̂1 + x̂2 =
1

c16

 ˆ̇x4

c14

(
1 +

(
c15

(
x4

c11

)c12
− 1
)) − hy3


+ x4 − c2. (10)

Note that the convergence time of the proposed observer is
tconv = T , after this time the estimated relevant states, (x̂1 +
x̂2), reach the real states, x1 + x2, i.e.,

x̂1 + x̂2 = x1 + x2. (11)

The proposed observer is schematically shown in Figure
2, where ẑ2 is estimated using the expression provided by
the algebraic observer (x̂1 + x̂2) and the nominal PEMFC
parameters, defined in Table I in the Appendix according to
the following expression:

ẑ2 =
c23 (x4 − (x̂1 + x̂2 + c2))

c24w
. (12)

IV. SIMULATION RESULTS AND ANALYSIS

To show the efficiency and the robustness of the observer
presented in Section III, detailed simulations are performed
and analyzed. The numerical parameters used in the simulation
are given in Table II in the Appendix. The initial states values
are chosen as

x(0) =
[
11104Pa 83893Pa 5100 rad/s 148000Pa

]T
.

(13)
In the first place, the PEMFC system is supposed to be well

controlled as shown in Figure 2, where the controller adopted
in this study is taken directly from [6] to maintain the oxygen
excess ratio at its optimal value z2,opt.

A. Performance Results

The main purpose of the algebraic observer design is to
reconstruct the oxygen excess ratio in order to be useful for
control purposes. The estimation of oxygen excess ratio value
ẑ2 under different stack current variations (see Figure 3), using
an algebraic observer strategy is shown in Figure 5. The stack
current rises up from 100 A to 180 A at t=7 s. Next, after 7 s,
it increases by 70 A. Then, the stack current increases again
to reach 300 A at t=20 s. Finally, at time t=25 s, it decreases
from 300 A to 250 A (Figure 3). It can be seen from Figure 5
that the algebraic observer is perfectly able to reconstruct the
value of oxygen excess ratio in finite-time.
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Figure 3: Stack current variation

0 5 10 15 20 25 30
0,8

1,2

1,6

2

2,4

2.8

Time (s)

O
xy

ge
n 

an
d 

N
itr

og
en

 P
re

ss
ur

es
 (B

ar
)

 

 
PO2

+ PN2

P̂O2
+ P̂N2

0 0.02 0.04
0.92

0.93

0.94

0.95

Figure 4: Estimation of the oxygen and nitrogen partial pres-
sures

Figure 4 presents the partial pressures of oxygen and
nitrogen and its estimations, which are well estimated based on
the robust differentiation of the supply manifold air pressure.
At the beginning of the estimation, the proposed observer
reached the real values of x1 + x2 in less than 30ms. The
estimation error oxygen excess ratio is shown in Figure 6. In
spite of having a stack current variations the estimation error
is acceptably small.
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Figure 5: Oxygen excess ratio estimation
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Figure 6: Error estimation z2 − ẑ2

B. Robustness test: Noise in the measurement

In order to test the robustness of the proposed observer some
simulations were carried out in the presence of measurement
noise in the measurement x4. Let Y = x4 + ξ(t) be the real
measurement of x4 where ξ(t) is a noisy signal.

The function ξ(t) used in the simulations is presented in
Figure 7. The simulation results are shown in Figures 8-10.
The oxygen excess ratio estimation is depicted in Figure 9.
In that figure, it is possible to see that the algebraic observer
estimates the oxygen excess ratio well enough in spite of the
noise in the measurement.

V. CONCLUSION

In this paper, a reduced PEMFC system model is proposed,
which presents cathode mass flow transients. Based on this
model, an algebraic observer is designed to estimate the
oxygen excess ratio. The proposed observer used a robust
differentiation method to estimate the derivative of the supply
manifold air pressure in finite-time. then, the oxygen and the
nitrogen partial pressures were successfully estimated from
the derivative estimated of the supply manifold air pressure.
Simulation results show the robustness and the feasibility of
the proposed observer. As future research, the applicability of
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Figure 7: Noise ξ affecting the system output x4
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Figure 8: Estimation of the oxygen and nitrogen partial pres-
sures with noise in x4

the algebraic observer will be confirmed in an experimental
test bench.
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APPENDIX

Table I: Constants of the PEMFC system model

c1 =
RTstkca,in

MO2
Vca

(
xO2,atm

1+ωatm

)
c2 = psat
c3 = RTst

Vca

c4 = MO2

c5 = MN2

c6 = Mvpsat

c7 =
RTstn

4FVca

c8 =
RTstkca,in

MN2
Vca

(
1−xO2,atm

1+ωatm

)
c9 =

ηcmktkv

JcpRcm

c10 =
CpTatm

Jcpηcp
c11 = patm

c12 =
γ − 1

γ

c13 =
ηcmkt

JcpRcm

c14 =
RTatmγ

Ma,atmVsm

c15 = 1
ηcp

c16 = kca,in

c17 =
CDAT√
RTst

√
2γ
γ−1

c18 =
1

γ

c19 =

(
2

γ + 1

) γ

γ − 1

c20 =
CDAT√
RTst

γ0.5
(

2

γ + 1

) γ + 1

2γ − 2

c21 =
1

Rcm
c22 = kv

c23 = kca,in

(
xO2,atm

1+ωatm

)
c24 =

nMO2

4F

xO2,atm =
yO2,atmMO2

Ma,atm

ωatm =
Mv

Ma,atm

φatmpsat

patm − φatmpsat

Table II: Simulation Parameters
Parameter Description Value Unit

ηcp Motor mechanical efficiency 0.98 %
ηcm Compressor efficiency 0.8 %
Jcp Compressor inertia 5× 10−5 kg m2

Rcm Compressor motor resistance 0.82 Ω
kt Motor parameter 0.0153 (N m)/A
kv Motor parameter 0.0153 V/(rad/s)

Ma,atm Air molar mass 29× 10−3 kg mol−1

MO2
Oxygen molar mass 32× 10−3 kg mol−1

MN2 Nitrogen molar mass 28× 10−3 kg mol−1

Mv Vapor molar mass 18× 10−3 kg mol−1

yO2,atm Oxygen mole fraction 0.21 −
Vca Cathode volume 0.01 m3

kca,in Cathode inlet orifice constant 0.3629× 10−5 kg/(s Pa)
Vsm Supply manifold volume 0.02 m3

Tst Stack temperature 353.15 K
Tatm Atmospheric temperature 298.15 K
patm Atmospheric pressure 101325 Pa
psat Saturation pressure 465327.41 Pa
R Universal gas constant 8.3145 J/(mol K)
Cp Constant pressure Specific heat of air 1004 J/(mol K)
CD Cathode outlet throttle discharge coefficient 0.0124 −
γ Ratio of specific heat of air 1.4 −
AT Cathode outlet throttle area 0.002 m2

φatm Average ambient air relative humidity 0.5 −
n Number of cells in fuel-cell stack 381 −
F Faraday number 96485 C mol−1


