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Self Dual Topology of Parallel Mechanisms with
Configurable Platforms

Patrice Lambert and Just L. Herder

Abstract This paper presents first an analysis of the topology of n@shres via
Graph Theory and Screw Theory and next the principle of dealhanisms in terms
of their mobility and overconstraints. Using dual graphg, graph representations
of the mechanisms that are dual to hybrid and Delta mecharasenrevealed. The
concept of parallel mechanisms with configurable platfofifdCPs) is introduced
and it is shown that the graph reduction of PMCPs always tesub wheel graph,
which has the interesting property of being self-dual. Isecaf self dual topology,
it is then possible to directly convert any method develdjpedheir mobilty anal-
ysis into an overconstraint analysis method and vice vaisia. self dual topology
property can also be exploited to create new PMCPs and is portemt aspect in
the future development of a type synthesis method thatdlediPMCPs.

Key words: Parallel Mechanisms, Configurable Platform, Topology, MhOver-
constraints, Duality

1 Introduction

A pure parallel mechanism is formed by two rigid links, cdliine base and the
end-effector, connected in parallel by independent setiains, called legs. The
concept behind parallel mechanisms with configurable @iaté (PMCPSs) is that
the rigid (non-configurable) end-effector is replaced bylased-loop chain (the
configurable platform), see for example Fig. 1. Some of thksliof this closed-
loop chain are attached to the legs so its configuration cdullyecontrolled from

the motors located near the base. The use of a closed-loapiokstead of a rigid
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Fig. 1 The 5 DOF PentaG robot with configurable platform. The coméigle platform can trans-
late in 3 directions and has 2 internal DOF, providing addil rotation and grasping capabilities.
This architecture was used to develop both a haptic devideguick-and-place robot.

platform creates multiple end-effectors that can be useeifample to add grasping
capabilities. In this case the robot can combine motiongaasping into a structure
that provides an inherent high structural stiffness, smcenotors are needed at the
end-effector location to provide the grasping and all met@m be grounded on the
base. Very few PMCPs have been presented in the literatui§.[Mohamed and
Gosselin [6] proposed a first generalization of the concEpoth planar and spatial
PMCPs. In their article, all the mechanisms they proposeé wet overconstrained
and the case of overconstrained PMCPs was not addressed?$®I€ ignored
in type synthesis methods of mechanisms such-as in [3, 2]rderdo describe a
topological relation between mobility and overconstraibtavies [1] introduced the
idea of dual mechanisms with the use of dual graphs. In hiderhe presents the
dual mechanism of a four-bar linkage and a self-dual trusststre.

This article presents a topology analysis of PMCPs via Giid@ory and Screw
Theory and shows that unlike pure parallel mechanismspih@agy of PMCPs is
represented by a wheel graph, which has the remarkablenyapéeing self-dual.
The self dual topology of PMCPs is then exploited to exterartobility analysis
method presented in [4] directly into an overconstraintysia method and is also
used to create new overconstrained PMCPs.

2 Duality Between Parallel Mechanisms and Single
Closed-Loops

Closing the mechanical loops of a parallel mechanism iniced dependencies be-
tween the joint velocities of the chains and can also proditegnal stresses due
to overconstraints of the assembly. The mobility and cainstis of a serial chain
are here expressed via Screw Theory. For gathist systemS representing the
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mobility of a serial chain, it is possible to obtain a recigait(6 — n)-wrench system
St representing its constraints. For a parallel mechanism kviégs, in which the
mobility of each leg is represented by the twist systdinthe twist systendy, rep-
resenting the instantaneous mobility between the basehanehtd-effector is given
by the intersection of the mobility of all legs:

k
Tm=T 1)
i=1

Internal stresses in parallel mechanisms are due to redticoiastraints between
the base and the end-effector. For a parallel mechanismi with.k legs, in which
the constraint system of each leg is represented by the wreystemW, a set
of (k— 1) wrench system¥\; representing the independent overconstraints is ob-
tained by calculating the intersection of the wrench systénof leg j with the
summation of the constraints of the legs previously coretktr the end-effector.

Wk =WiN (3, W)  forj=2.k @

For any mechanism, the solution for the mobility must resgiez condition that
the sum of the finite twists (describing the joint velocijie all joints that belong
to the same closed loop is zero. In a dual way, the solutioth®overconstraints
must respect the condition that the sum of the finite wren¢tiescribing the in-
ternal stresses) of all chains that are connected to the ggiddink is zero. The
particular way to obtain those solutions depends on thdagpmf the mechanism,
i.e. the particular arrangement of the closed loops tham fine mechanism. Graph
Theory is the study of pairwise relations between objects@ince each joint or
each serial chain of joints in a mechanism connects stitithylinks, it can be used
to analyse the topology of mechanisms. Any mechanism caagresented with a
corresponding graph in which a vertex represents a rigiddimd an edge represents
a joint or a serial chain of joints. The duality between thebitity and overcon-
straint conditions, which both require that the sum of a $dinde screws is zero,
will be investigated more deeply with the use of dual graphs.

The dual grapiB of an original graptA'is a graph in which each vertex &f
corresponds to a loop & and vice-versa. Edges that are incident to a vertex in the
original graph are in the same direction as the correspgridop of the dual graph
and vice versa. If the twist systems of the dual edges areetkéia the reciprocal
of the twist systems of the original edges, the mechanismesponding to the dual
graph is dual to the original mechanism. The dual mechanise pure parallel
mechanism is always a single closed-loop and vice versa2fgows an example
of the graph representation of a pure parallel mechanistn feitr legs. In [1],
Davies used the concept of dual graphs to show that the duddanesm of a planar
four-bar linkage is a parallel mechanism with four parafiel legs. The principle of
dual mechanisms is here extended to some mechanisms tleed awology that is
not purely parallel. Following this principle, the dual ghs of a hybrid and a Delta
mechanism are shown for the first time in Fig 3.
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Fig. 2 Graph representation of a parallel mechanism with four begs its dual single closed-
loop. The screw system over the big arrow represents thelityadti the parallel mechanism and
the overconstraints of the single closed-loop. The screstesys below the arrow represent the
overconstraints of the parallel mechanism and the molwfithe single closed-loop.

Fig. 3 Graph representation of a) a hybrid mechanism and b) a Deltinamism and their corre-
sponding dual mechanisms. In both cases, the mobility ofitiz¢ mechanism corresponds to the
overconstraints of the original mechanism and vice versa.

3 Self Dual Topology of Parallel Mechanisms with Configurabé
Platforms

The novel concept behind parallel mechanisms with conde@atforms is that the
rigid (non-configurable) end-effector is replaced by aetbfoop chain (the config-
urable platform). The use of a closed-loop chain insteadrifid platform allows
robots based on such an architecture to have multiple grdtefs on the platform
while all the motor are located on the base. The graph remlucti a PMCP is al-
ways a wheel'graph, in which the center of the wheel represkatase, the spokes
of the wheel represent the legs and the rim represents tHeyowable platform.
Wheel graphs have the interesting property of being sedl-dtig. 4 shows the
wheel graph.of a PMCP with 4 legs and its dual graph. It folloeg each PMCP
has a dual PMCP for which the mobility of the dual PMCP coroes}s to the over-
constraints of the original PMCP and vice versa. In paréigihe method presented
in [4] to calculate the distribution of the mobility of ovenastrained PMCPs can be
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Fig. 4 Self dual wheel graphs of a parallel mechanism with configleralatform and 4 legs

directly used to calculate the distribution of the overdmaiats using the dual graph
as input. It should be noted that in the dual graph representaf Fig. 4, the edges
that originaly represented the platform are now represgtitie legs and vice versa,
and that the reciprocal screw system is used to describe tidity of each dual
edge.

4 Example

This section shows an example of two PMCPs that are dual to@taer. The origi-
nal mechanism M1 is shown in Fig. 5 a). It has four legs L1, L2ahd L4 and each
leg consists of three parallel joints. The configurablefptat is a single closed loop
with 12 parallel joints. Two adjacent end-effector limksre connected by platform
limbs P1, P2, P3 or P4. In order to create the dual mechanignfirst need to ex-
press the twist system of each leg and each platform limmdJsireference frame
located in the center of the base, the twist systems are

o (R 43 LR | S KA
WAL e e

Unlike pure parallel mechanisms, PMCPs have multiple dfetrs, repre-
sented by the leg attach points Since the graph representation of such a mecha-
nism is not a series-parallel graph, their global mobildy @ot be calculated using
the traditional rules of addition of twist systems for j@nh series and intersec-
tion of twist systems for legs in parallel. In [4], a methodsyaoposed to calculate
the mobility of mechanisms that have a non-series-pagiégih that is particularly
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Fig. 5 Dual mobility and overconstraints of two PMCHRS. represents the mobility of M1 and
the overconstraints of M2p represents the mobility of M2 and the overconstraints of Edch
line of a matrix of mobility uses twist screws to represem tiobility of a leg end-effectam; or ¢;
relatively to the base. Each line of a matrix of overconatsauses wrench screws to represent the
internal stresses in a platform limb between two end-affsct

suitable for PMCPs. The solution given by the method formstrimin which row

i represents the mobility of an end-effectprelatively to the base and each column
represents a global mobility of the mechanism. The final legitity matrix G of
mechanism M1 obtained from this method is

0 [O] 0 0 0

z| |x

g 0 {8} 0 0

G=| L% (5)

0 0 0 {O] 0

K X

0 00 0 [0]

L 12 Y]

The fact that the matrixc has five columns indicates that the mechanism has
5 DOF. The first column represents a motion where all legs niotbe vertical
direction. The remaining columns show that each leg canrat®ee independently
in the horizontal direction of the plane of their paralleinjs. Since all PMCPs
have a self dual topology, the overconstraints of mechaM4ngan be obtained by
appling the same mobility analysis method to the dual PM®E.driginal and dual
graphs are shown in Fig.4 The dual graph gives the informatimout the way the
dual chains must be connected in the dual mechanism. Th@roeai screw system
of each serial chain must be calculated in order to obtairdtied serial chains.
In this particular mechanism, each leg and each platfornmdedormed by three
paralleljoints. Those chains are known to be self recigracd therefore the screw
system representing their constraints is the same as the sgistem representing
their mobility.
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Si=Si & S5=Si fori=1.4 (6)

We can now assemble the dual mechanism by connecting thechamds ac-
cording to the edges of the dual graph. The resulting meshaM2 is shown in
Fig. 5 b). The mobility of M2 is calculated using the same rodtthat was used to
calculate the mobility for M1. The resulting leg matrix of bility H obtained is

[To] [o] [z] [O 0]
x| |yl |O X {y]
o] [o] [z] [o 0
x| |y| |O X -y
H=1Tol[0][z] [0 [0 @
X| |yl |Of |=x]| |-y
ol [o] [z] [oO 0
BT S] B

This mechanism also has 5 DOF. The first three columns shavwthteaonfig-
urable platform can move in the XY plane and rotate aroundZtidérection. The
fourth column shows that legs P1 and P2 can move relativelggd3 and P4 in
the X direction and the fifth column shows that legs P1 and FPv4ncave in the
Y direction relatively to legs P2 and P3. Since these two rapigms are dual, the
mobility of M1 corresponds to the overconstraints of M2 ammwersa. The matrix
H is the platform matrix of overconstraints of M1. In a platfomatrix of overcon-
straints, each line represents the internal forces traadrby a platform chain and
each column represents an independent overconstraint.

The overconstraints of both mechanisms are interpretesllas/s: The first three
columns ofH represent the 3 planar overconstraints of the configurdatiopm of
M1. Column 4 represents internal stresses that occur in l&téopm limbs when
leg L1 and leg L3 of M1 are not perfectly oriented about thesaxi Column 5
represents the internal stresses that occur in the platfiorins when leg L2 and leg
L4 are not perfectly oriented around the axis Y. The overtraitgs of mechanism
M2 are represented by the platform matrix of overconstsdtThe first column
represents internal stresses around the Z axis that ocalr tine platform limbs
if the sum of the angle between the platform limbs is not 36freles. The second
column of G shows that the platform limb L1 of M2 must be perfectly oresht
around the X axis in order to be connected between leg P4 gridlleColumns 3,
4 and 5 ofG shows similar overconstraint conditions for platform ligrik2, L3 and
L4 of mechanism M2.

5 Conclusion

This paper presented first the principle of dual mechanisrterins of mobility and
overconstraints for some mechanisms that have a topole@gystimot purely paral-
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lel. The graph and screw representations of the mechankshare dual to hybrid
and Delta mechanisms were revealed. It was explained thagrtiph reduction of
PMCPs always result in a wheel graph, which has the integgtioperty of being
self-dual. Unlike most other classes of mechanism, it isiids to directly apply
any method developed for the mobilty analysis of PMCPs tdr theerconstraint
analysis and vice versa, thanks to their self-dual topoldbis self-dual topology
property can also be used to generate new PMCPs using thendaa&nism of orig-
inal PMCPs. PMCPs are promising solutions for robot archite since they can
operate multiple end-effectors while all motors are lodatethe base. Applications
include interaction with humans or environment, in hapéeides and grasping ap-
plications, respectively. They are currently ignored bgetysynthesis methods. A
better understanding of the fundamentals of their mobdiig overconstraints will
help robot designers to consider them as a valid option iir tteice of a robot
architecture and is an important aspect in the future devedmt of a broader type
synthesis method that includes mechanisms with this tgyolo
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